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The magnetic Hartree Fock ground state stability for a two-dimensional interacting electron sys-
tem with Rashba-type coupling is studied by implementing the standard many body Green’s function
formalism. The externally applied electrical field E enters into the Hamiltonian model through a
local gauge-type transformation ∼ EjAj(k), with Aj(k) as the spin gauge vector potential. Phase
diagrams associated to the average spin polarization, the Fermi energy, electron density and energy
band gap at zero temperature are constructed. The magnetic polarization state as a function of E
is obtained by minimizing the Helmholtz energy functional F with respect to the average Z-spin:
〈σˆZ〉. We have found that the electric field might reverse the magnetic ground state, unlike the
characteristic decreasing associated to the linear σˆ · (k×E) spin-momentum-field coupling.
I. Introduction
The control of magnetization states on nanoscaled
multiferroic devices via externally applied electric field
constitutes a technological challenge with multiple and
interesting applications [1–10]. The general consensus
for the cross-coupling mechanism of electric/magnetic
polarization due to magnetic/electric sources relies on
the very first sight upon several phenomena: i) the elas-
tic strain on surfaces or interfaces, ii) the exchange-type
Dzyaloshinskii-Moriya interaction and iii) the charge-
driven magnetoelectric effects due to charge density ac-
cumulation [11, 12]. Underlying Physics shall be under-
stood from the local symmetry properties associated to
the spin concept. A spin gauge field vector in this con-
text comes from the space-time induced phase difference
between two correlated electronic states, which might be
calculated from the first order expansion on the SU(2)
generators group, and whose components leads into an
effective Rashba spin-orbit magnetic field in momentum
space ∼ Ejσˆ · (n × ∂jn), with n = (−ky, kx, 0)/k as the
unitary vector tangent to themagnetic texture on theXY
plane, Ej as the applied electric field and σˆ as the set
of Pauli matrices [13–18]. Attempts for the calculation
of the Hartree Fock ground state have been performed
by different techniques in terms of the Wigner-Seitz ra-
dius rs ∼ 1/√ns, (ns as the particle density), predicting
partial spin polarization due to the Coulomb exchange-
driven on semiconducting structures [19, 20]. In this sce-
nario, we study the magnetic ground state stability in
two dimensional and low density interacting electron gas
at zero temperature. Electron charge interaction is taken
into account via Coulomb contact-type exchange, while
the energy band gap is biased by the external electric field
for the linear and non-linear (gauge) momentum form.
An average out-of-plane spin polarization 〈σˆZ 〉 emerges
in a finite range of the Coulomb exchange strength. An-
alytical results for asymptotic behavior on 〈σˆZ〉 at zero
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applied field and negligible kinetic energy are also dis-
cussed.
II. Hartree Fock Self-Consistent Formulation for
Transverse Magnetization
Single electron dynamics in two-dimensional systems
might be described by using a Zeeman-type Hamiltonian
HˆΣ = −γσˆ · BΣ, for γBΣ taken as the effective mag-
netic field containing the Rashba constant α, the elec-
tric field intensity Ex and the electron momentum k:
γBΣ = (−αky, αkx,−∆k). The last component contains
the spin gauge effect for this particular symmetry and
the usual linear momentum-field interaction σˆ · (k×E):
∆k = ∆0 +
eExky
k20
(
1− k
2
0
k2
)
, (1)
with k0 = m
⋆α/~2 [21, 22]. The unitary vector n is
on the same direction of the magnetic field generated
by the Rashba interaction γBR = (−αky , αkx, 0), i.e.,
n = BR/|BR| and the spin gauge vector potential points
along to the perpendicular direction of BR. The param-
eter ∆0 represents the band gap size at zero field. In the
framework of the Hartree-Fock approximation, the inter-
acting contact (short range) electron-electron Coulomb
energy may be written in terms of the Z-spin Pauli ma-
trix under the decoupling scheme [23, 24]:
HˆZ = −J〈σˆZ〉σˆZ + J
2
〈σˆZ〉2Iˆ , (2)
where Iˆ is the 2× 2 unit matrix and 〈σˆZ〉 is taken as the
average spin polarization on Z direction. The complete
Rashba-Hartree-Fock Hamiltonian reads:
HˆRHF = HˆK + HˆZ + HˆΣ, (3)
with HˆK = (~2k2/2m⋆)Iˆ. The eigenvalues of HˆRHF are:
Ek± =
~
2k2
2m⋆
+
J
2
〈σˆZ〉2 ± ε0k, (4)
with ε0
k
= (α2k2 + ∆2Jk)
1/2 and ∆Jk = ∆k − J〈σˆZ〉.
Average spin polarization is obtained by calculating the
2Green’s propagator G0(k) associated to HˆRHF under the
prescription 〈σˆZ 〉 = (~β)−1
∑
k Tr{σˆZG0(k)} [25], with:
G0ij (k, iωn) =
∑
σ={±}
Mσij (k)
iωn − ~−1(Ekσ − µ) , (5)
ωn = (2n+ 1)/~β, (n = 0, 1, 2...) as the set of fermionic
Matsubara frequencies and Mσ (k) = |ukσ〉 〈ukσ| corre-
sponds to the matrix of HˆRHF eigenstates. Normalized
eigenvectors are given by 〈ukσ| ≡ (−iσeiφkFkσ, 1)/(1 +
F 2
kσ)
1/2, while Mσij (k) is defined through:
Mσij (k) =
1
(1 + F 2
kσ)
(
F 2
kσ iσFkσe
−iφk
−iσFkσeiφk 1
)
, (6)
with αkFkσ = σ∆Jk + (α
2k2 + ∆2Jk)
1/2 and tanφk =
ky/kx. By using (5), the average spin polarization takes
the self consistent form:
〈σˆZ 〉 =
∑
k⊆D
∆Jk√
α2k2 +∆2Jk
ρS(k), (7)
with ρS(k) = sinh (βε
0
k
)/[cosh (βµJk) + cosh (βε
0
k
)] and
µJk = µ−(J/2)〈σˆZ〉2−~2k2/2m⋆ as the modified chemi-
cal potential. In the zero temperature limit and zero field,
the distribution function ρS(k) evolves towards the step
function, with ρS(k) = 1 in the domain D consisting of a
circular disk with of radii k¯∓ = [2(1 + µ¯J0 ∓ (1 + 2µ¯J0 +
∆¯2J0)
1/2)]1/2 and ρS(k) = 0, otherwise. The factors ∆J0,
J , αk and µJ0 have been normalized (and labeled with
an overlying bar) to the reference Rashba energy αk0.
Also, E¯x = eEx/αk
2
0 . With α = 4.62 × 10−12 eV·m,
which is typical for semiconducting InGaAs/InP asym-
metric quantum wells, k−10 falls into the range of 44.63
nm with m⋆ = 0.37m0 and 76.38 nm for m
⋆ = 0.04m0
in 2DEG InxGa1−xAs [26, 27]. For tunable Rashba en-
ergy on BixPb1−x/Ag (111) alloys, α reaches the value
3 × 10−10 eV·m, with m⋆ = 0.3m0 and 1.2 < k−10 < 2.5
nm [28]. In the former case, the electrical field reaches a
maximum value of 4.6 V·cm−1 for E¯x ≈ 0.2.
III. Results
The average spin polarization value 〈σˆZ〉 (Eq. 7) at
zero temperature might also be obtained by minimiz-
ing the Helmholtz free energy functional δF¯/δ〈σˆZ〉 = 0,
with F¯ = ∑
ks(E¯kσ − µ¯) integrated under the domain
D: E¯kσ ≤ µ¯. Figure (1) shows the minimum-shift for
the normalized Helmholtz energy F¯ as a function of 〈σˆZ〉
at zero temperature. Stronger exchange coupling J¯ de-
pletes the average magnetization on Z direction. Eye
guide dots are shown as reference for the results ob-
tained in Figures (2) and (5). Increasing field effects
over the local minimum of F are represented by the con-
tinuous lines (a)-(f). Inversion in the sign of 〈σˆZ〉 as
well as its magnitude are possible for some specific val-
ues of E¯x. Figure (2) illustrates the phase diagram for
the density of particles (the number of particles per unit
of area S) at zero field as a function of 〈σˆZ 〉. Electron
density is also defined in terms of the Green’s propa-
gator as nµ¯ = (~β)
−1
∑
k Tr{G0(k)} =
∑
k⊆D ρN (k),
with the density function number defined by: ρN (k) =
1 + sinh (βµJk)/[cosh (βµJk) + cosh (βε
0
k
)]. In the gap-
less limit (∆¯0 = 0), no exchange (J¯ = 0), no applied field
(E¯x = 0) and µ¯ > 0, nµ¯ = (k
2
0/pi)[1 + µ¯ − (1 + 2µ¯)1/2],
while it decreases as ∆¯0 augments at fixed µ¯ [29]. In the
low-density electron gas approximation, Ek ≈ ε0k, the
energy band takes the Dirac cone-like structure, and in
case in which the gauge interaction coupling is exclusively
considered in Eq. (1) (i.e., ∆k ≈ −eExky/k2), the elec-
tron density reads: nGµ¯ (E¯x) = (k
2
0 µ¯
2/pi2)E(4E¯2x/µ¯4). The
function E(4E¯2x/µ¯4) is the complete elliptic integral of the
second kind, which is real in the interval 0 < 4E¯2x/µ¯
4 <
1, or E¯x restrained into {0, µ¯2/2}, range in which the
Fermi surface remains topologically connected. The elec-
tron density lies on the interval k20µ¯
2/pi2 < nGµ¯ (E¯x) <
k20µ¯
2/2pi. An estimation for the density of states (DOS)
at zero temperature can be obtained from nGµ¯ under the
definition Dµ¯(E¯x) = ∂nGµ¯ /∂µ¯ = (2µ¯/pi)DFK(4E¯2x/µ¯4),
where K(4E¯2x/µ¯4) represents the complete elliptic inte-
gral of first kind, and DF = m⋆/pi~2 corresponds to the
DOS for two dimensional non interacting electron sys-
tems. In the limit µ¯4 >> 4E¯2x (or E¯x = 0), DOS behaves
in a linear form with Dµ¯(0) ≈ µ¯DF , while it reveals a
strong peak at µ¯ = (2E¯x)
1/2. Under the same set of
conditions and with ∆k ≈ eExky/k20, the density of par-
ticles is given by nDµ¯ (E¯x) = k
2
0µ¯
2/2pi(1 + E¯2x)
1/2. The
carrier density nGµ¯ decreases more rapidly than n
D
µ¯ in the
range 0 < E¯x ≤ µ¯2/2. For the full Hamiltonian (3) at
zero field, the solutions of 〈σˆZ〉 tend towards ∆¯0/J¯ when
nµ¯ >> 1 (in units of k
2
0). Figure (3) shows the phase
space (∆¯0, µ¯) at J¯ = 0 (shaded area) for physically pos-
sible spin range
∣∣〈σˆZ〉∣∣ ≤ 1/2. Higher band gap values
restrict the allowed Fermi energy (Inset graph). Figure
(5) portrays the main result in this paper: the numerical
solutions for 〈σˆZ〉 as a function of the external applied
field E¯x and several coupling strength J¯ for conducting
electrons dwelling on the positive helicity band Ek+ [30].
Comparative results for the usual non-gauge contribution
∆k = ∆0 − σˆ · (k×E) are also shown for 0 < J¯ < 2.0.
In this case E¯x-scale is reduced in one order of magni-
tude without inversion in the magnetic orientation [31].
Inset graph depicts the average spin at zero field and
different band gap energies. The change in the curva-
ture of the function 〈σˆZ〉 is possible for ∆¯0 > 0.33 and
it exhibits a maximum at J¯ ≈ 0.27 for ∆¯0 = 0.4. At
zero field and J¯ = 0, integral (7) is analytically com-
putable with the result (up to a normalization factor
4pi2/S): 〈σˆZ〉 = 4pik20∆¯0[(1 + 2µ¯ + ∆¯20)1/2 − 1 − ∆¯0].
〈σˆZ〉 exhibits a fluctuating behavior in the studied range
for the applied electric field with non symmetrical am-
plitudes and decaying tendency for stronger intensities.
Curves resembles the typical butterfly-shape associated
to the strain intermediate magnetoelastic interaction in
ferroelectric/ferromagnetic hybrid structures, in the di-
rect polarization cycle [32, 33]. Z-spin polarization mag-
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Figure 1: Normalized Helmholtz free energy (in units of αk0)
as a function of 〈σˆZ〉 and different electric field intensities for
T = 0, J¯ = 2, µ¯ = 0.5 and ∆¯0 = 0.1. (a) E¯x = 0, (b) E¯x =
0.05, (c) E¯x = 0.11, (d) E¯x = 0.15, (e) E¯x = 0.2, (f) E¯x = 0.3.
Dotted lines characterize different exchange couplings at zero
field. Minimum-shift is observed for increasing values of J¯ >
0. Calculations have been performed under the constraint
E¯k+ < µ¯.
nitude and its direction are symmetrical under electric
field inversion in our model. Parameter J¯ weights the re-
pulsive electron-electron contact interaction against the
characteristic Rashba coupling αk0, indicating that for
systems under strong repulsion field, the magnetic order-
ing is depleted for E¯x < E¯xc, with E¯xc as the coercive
field value for which the magnetic polarization takes a
zero value. For E¯x > E¯xc, 〈σˆZ〉 changes the sign and
its amplitude as well as their lowest values are also af-
fected under variations of J¯ . The coercive field magni-
tude augments as ∆¯0, and its cutoff value E¯xc0 also in-
creases with µ¯, but is independent of J¯ . A reliable model
might be proposed in terms of an exponential-like behav-
ior: ∆¯0 = µ¯(1 − exp [−η(E¯2xc − E¯2xc0)]), with η and E¯xc0
as adjusting parameters and E¯xc ≥ E¯xc0. The relation-
ship E¯xc0(µ¯) is fairly linear in the range of parameters
studied.
IV. Concluding Remarks
Possible spin magnetization control under in-plane ap-
plied electric field has been discussed for two dimensional
electron systems with Rashba interaction. The param-
eter 〈σˆZ〉 is obtained by implementing a minimization
algorithm on the Helmholtz energy functional at zero
temperature under topologically constrained Fermi sur-
faces. The contact electron-electron repulsive effect is
considered in the model by using the Hartree-Fock ap-
proximation, while the electrical field couples the spin
degree of freedom via emerging spin-gauge vector poten-
J¯ = 0
〈σˆZ〉 ≈ 0.4
J¯ = 0.20
J¯ = 0.25
〈σˆZ〉 ≈ 0.21
J¯ = 0.5
〈σˆZ〉 ≈ 0.14
n1/2(∆¯0 = 0.1)
J¯ = 2.0
〈σˆZ〉 ≈ 0.045
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〉
Figure 2: Phase correlation for the electron density nµ¯ (in
units of k20) and 〈σˆZ〉 at zero field for ∆¯0 = 0.1. n1/2(∆¯0)
defines the asymptotic value for the electron density at J¯ = 0
and µ¯ = 1/2.
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Figure 3: Phase space correlation [∆¯0, µ¯] for
∣
∣〈σˆZ〉
∣
∣ < 1/2 at
zero electric field and zero exchange interaction. Inset: Z-
spin polarization at J¯ = 0 and E¯x = 0 as a function of the
Fermi energy. Solid: ∆¯0 = 0.1. Dotted: ∆¯0 = 0.25, Dashed:
∆¯0 = 0.457039.
tial. Phase stabilities in the electron density, the average
spin polarization and Fermi energy are constructed in
the particular case in which E¯x = 0. We have found
in our model that for those systems in which the gauge
coupling predominates over the linear spin-momentum-
field, it is possible to induce a controlled spin shift inver-
sion for smaller intensities of the external electric field.
Non switch orientation in the average magnetization is
obtained in the last scenario. Further investigations on
additional spin-gauge vector terms might be taken into
40 0.25 0.5 0.75 1
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−0.25
0
0.25
0.5
µ¯
〈σˆ
Z
〉
Figure 4: Inset Figure (3)
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Figure 5: Numerical solutions for 〈σˆZ〉, at µ¯ = 0.5, ∆¯0 = 0.1.
(a) J¯ = 0.0, (b) J¯ = 0.25, (c) J¯ = 0.5, (d) J¯ = 1.0, (e)
J¯ = 2.0. Dashed line describes the response for a linear spin-
electric field coupling in the form ∼ σˆ · (k×E) with J¯ = 0.
The horizontal scale might be adjusted by a factor of 10 in
this case. Inset: Phase diagram [J¯ , 〈σˆZ〉] for different gap
magnitudes at zero field, 〈σˆZ〉 > 0 and µ¯ = 0.5. (Dotted)
∆¯0 = 0.1, (Solid) ∆¯0 = 0.2, (Squares) ∆¯0 = 0.4, (Dashed)
∆¯0 ≈ 0.5.
account, since Aj(k) shall be reconsidered in a higher or-
der expansion scheme when the effective magnetic field
BΣ emerges in the framework of the adiabatic Zeeman-
type coupling [34]. Anisotropic energy associated to sur-
face and magnetoelastic strain stimulated by longitudi-
nally applied voltages might also be included into the
formalism [35, 36].
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